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ABSTRACT 

We examine a Nambu-Goto string trajectory in the neighbourhood of a cusp 
and determine the extrinsic curvature invariants. These are demonstrated to be 
finite, in contradiction with naive expectation. Thus the Nambu action is a vahd 
approximation for the motion of a cosmic string vortex even at cusps. This suggests 
that cusp annihilation is not a feasible mechanism for particle radiation from cosmic 
strings. 
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The motion of a cosmic string (see [1] for a recent review), determined by the Nambu 
action, generically contains cusps, or points at which the string instantaneously reaches 
the speed of hght. The Nambu action is the lowest order term in an effective action for 
the cosmic string motion[2], and is valid when the string width, w, is much less than its 
radius of curvature, K~^. It has generally been thought that this approximation breaks 
down at a cusp[3], where the extrinsic curvature of the worldsheet was presumed infinite. 
In this note, we point out that this is not the case. 

Our starting point is the Nambu-Goto action. Let X^^ be the spacetime coordinates 
of the string worldsheet, and = {c, t}, be a set of worldsheet coordinates, with r 
understood as being a timelike coordinate. Then the induced metric on the worldsheet is 
given by 

where rj^i, =Diag(c^, — 1, — 1, — 1) is the Minkowski spacetime metric. The action is pro- 
portional to the area of the surface swept out by the string, and is given in terms of its 
intrinsic metric by 



c 



J V^d'^a = -^J dadriiX^'X'^f - X^^ X'^^} (2) 



where ' denotes djdcj and • denotes djdr. /i is the energy per unit length of the string 
and is of order lO^^Jm"^ for a GUT string. Henceforth we will set 7i = c = 1. 

There is a great deal of freedom in the choice of coordinates on the string worldsheet, 
so following Kibble and Turok[4], we fix our gauge by setting r = t, the Minkowski time 
coordinate, and imposing the conformal gauge conditions 

X^X'^ = ; Xf"^ + X'^""" = (3) 

so that the metric is conformally flat {jab oc tjab)- Writing the worldsheet coordinates in 
the form 

X'^ = (T,r(a,T)) , (4) 
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the equations of motion are written in terms of r as 

r.r' = (5a) 
r^ + r'^ = 1 (56) 
r - r" = (5c) 

The first two of these equations say that r is the observable velocity of the string perpen- 
dicular to itself, and that the parameter a (which satisfies da = dr/y/l — r^) measures 
equal energy intervals along the string. (5c), the equation of motion, is a simple wave 
equation, and hence the solution for r consists of a superposition of arbitrary left and right 
moving waves: 

r=i[a(a-r) + b(a + T)] (6) 

with the constraints 

a'^ = b'^ = 1 . (7) 

Therefore a' and b' lie on a unit sphere, but are otherwise arbitrary. If we are dealing with 
a closed loop of length L, then both a and b are periodic with length L, but the string 
motion actually has periodicity L/2, since r{a+L/2, t+L/2) = r(cr, r). Additionally, both 

a' and b' must average to zero in the centre of mass frame since dav' = dar = 0. 
Returning to (1), and inputting (4) and (7) gives 

7AB = i(l + a'-b'W (8) 

in conformal form as required. Note that if a' = — b', a'.b' = —1, and 'Jab becomes 
degenerate, this reflects the fact that the worldsheet is null and is called a cusp. At a cusp 
r = 1, r' = 0, i.e. the string is travelling at the speed of light, and a is varying arbitrarily 
rapidly at this point, so the mass concentrated there is technically infinite. It is fortunate 
that the cusp has measure zero! Nonetheless, ultra-rclativistic velocities, and high density 
concentrations could indicate a breakdown of the approximation used to obtain the motion 
of the cosmic string, which after all is a finite thickness vortex; on the other hand, these 
features could be an artefact of the nullity of the worldsheet, and provided that this occurs 
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only at an isolated point there may not be a problem. In order to investigate this, we 
examine the extrinsic curvature near a cusp. 

A worldsheet living in four dimensions has co-dimension 2, and thus has 2 families of 
normals, n^, satisfying 

n^n^^V,^ = -5,, ; <|^=0 (9) 

and two associated extrinsic curvatures 

^i^B = -^^V(^n,,) , (10) 

(see [5] for greater detail on this formalism.) There is of course an S0(2) gauge freedom 
in the choice of normals, n'^ — > Rj-in^, but this will not be relevant in our calculation. An 
example of two normals is: 

= (1 - (a'.b')^)-^ (l - a'.b', b' - a') 



(l-(a'.b')^)-^(o,a'Ab') 



(11) 



note that as we approach a cusp, tilts over towards the light cone whereas flips 
direction across the cusp, corresponding to our notion of the light-speed, sharp point of a 
cusp. 

Calculating the associated extrinsic curvatures gives 
K,AB = 1(1 - (a'.b')')-^ [{5\5l + 5^5^)(a".b' - b".a') - 25-^5-^ (a".b' + b".a') 

K^AB = 1(1 - (a'.b')')"^ [{5\5l + 5a^b){^' + b")-a' A b' + 25lJ%^{a!' - h").a! A b' 

(12) 

note ^-^^K.AB = as required by the Nambu equations of motion. 

In order to examine whether a cusp is a singular point for the extrinsic curvature, we 
must examine scalars constructed from the curvature. Suitable worldsheet scalars are 

El = K.abK^^ = (1 - (a'.b')')-M(a".b')' + (a'.b")'] 

52 = K.abK^'' = (1 - (a'.bO')-M(a".a' A b')' + (b".a' A b')'] (13) 

53 = K^abK^^ = (1 - (a'.b')^)-M(a".b')(a".a' A b') - (a'.b")(b".a' A b')] 
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These of course depend on the normals, to remove this dependence, one can consider the 
combinations K abK^^S^^ = Si + S2 and K abK^^s^^ = 2S3. The first of these is 
proportional to the intrinsic curvature of the worldsheet by virtue of the Nambu equations 
implying K- — 0, the second quantity is related to the curvature of the normal bundle of 
the worldsheet. We choose to consider the three quantities in (13) separately to ensure 
that all possible worldsheet scalars vanish. 

Now consider a neighbourhood of the cusp. Without loss of generality, let the in- 
tersection of a' and — b' occur at (1,0,0), i.e. 9 — n/2,(f) = on the unit sphere. Also, 
without loss of generality, let 

a(s)' = (cos0(s),sin0(s), 0) 

(14) 

b(s) = (cos0(s),cos'0sin0(s),sini/;sin0(s)) 

in a neighbourhood of the cusp, where is the angle between a." and — b", ip ^ O^tt. 
Then 

— a'.b' = cos cos (f)- + cos ijj sin sin 0_ 

a" = 0'_(-sin0_,cos(/)_,O) (15) 

b" = 4>'^{— sin (/)_!_, cos ip cos ^_|_, sin i/j cos 

where we have abbreviated (j)^'\a ± r) as For small 0±, the three scalars in (13) are 
given by 

^ 4>''^_[4>- — COS'i/'</'+]^ + (p'+[4'+ — COS -00-]^ 

^ 4>+ + (t>'^ -2 cos i/j(l)+(f)- 

/2 -22 /2 ■ 2 >2 

(/) _ Sill + © + y'(p- /.^x 

^2 = — 72 — r~i2 — 7^ n — I — ^ ) 

(pX + (pt — 2 cos ipcp+cp- 

2 2 

— sin';/'0_|_[(/)_ — cos i/jcj)^] — cp' sin i/jcj)- [(f) ^ — cosipcp-] 
+ (/>^ — 2 costpcpj^cp- 

Now, note that Si -I-S2 = +0'+, and since [0=p —cos'ip(j)±Y < 0+ +0?. — 2cos'00+0-, 
we have that Si < 0'^ + 0'^. Hence both Si and S2 are generically bounded at and 
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near the cusp. Similarly, Si + S2 + 2E3 < 2(0'^ + 0^), and hence S3 is also genericacUy 
bounded at and near the cusp. 

Thus we see that all of the worldsheet scalars that can be formed from the extrinsic 
curvature are bounded in the vicinity of a cusp. We are therefore forced to conclude that a 
cusp is analogous to a coordinate singularity as far as the worldsheet curvature is concerned, 
and does not represent in any way a breakdown of the approximation in which we treat a 
cosmic string as a Nambu-Goto string. How can this be, for at a cusp the string appears 
to double back on itself? The answer lies in what we mean by string width and string 
curvature. The width of the string, w, is measured in its local rest frame, and to order w/ K 
remains constant in that frame[5,6]. Moreover the actual field theoretic vortex solution is, 
again to order w/K^ the static zero curvature vortex solution (such as the Nielsen- Olesen 
solution for an abelian Higgs vortex) in the planes normal to the worldsheet [5,6] . The string 
curvature, again, is measured in a local rest frame, both normals being perpendicular to the 
four-velocity of the worldsheet. Therefore, both string width and string curvature, being 
measured in local rest frames, are inherently four-dimensional quantities, and it is therefore 
not only misleading, but wrong, to take a "snapshot" of the string as an external observer 
and draw conclusions as to its curvature. The combination of Fitzgerald contractions and 
Lorentz time dilations allow the worldsheet to evade any true curvature singularities at a 
cusp. 

Finally, we would like to remark on kinks. A kink corresponds to a discontinuity in 
a' and/or b', so that for example 



in a neighbourhood of a kink. (We have chosen the step function to be strict, 0(0) = in 
order that |a'| = 1 for all s.) Thus 



Therefore, provided b'.a' ^ ±1 along cr = r, at least one of the scalars will be singular at 
the kink. 



a'(s) = (aV-a'_)0(s) + a'_(s) 



(17) 



b!\s) = (a:; - B!L)e{s) + b!L{s) + 5(s)(aV - a'_) 



(18) 
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To summarize: By considering a general solution to the Nambu action we have shown 
that the extrinsic curvature of the worldsheet is bounded at cusps but singular at kinks. We 
have therefore confirmed that at kinks the Nambu approximation breaks down as expected, 
but obtain the unexpected result that at cusps the approximation remains valid. This result 
may have implications for the particle production from cosmic string loops. In general, one 
might expect radiation from a string when the static approximation, i.e. approximating a 
cosmic string vortex by the static vortex solution in a plane orthogonal to the worldsheet, 
is no longer a good approximation to the full equations of motion. In other words, when 
the string wiggles on scales comparable to its width. We have shown this is not the case at 
cusps. Therefore, our result suggests that any calculations, such as [3] , which assume cusp 
annihilation as a major source of particle production may be over-estimates. This means 
that particle radiation from cosmic strings is probably closer to its original [7], extremely 
low, result. 
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